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ABSTRACT 
In this paper, we study an approximation of the solutions for perturbed abstract measure differential equations with 

maxima via hybrid fixed point theorem of Dhage [ B.C.Dhage, on some nonlinear alternatives of Leray-Schauder 

type and functional integral equations, Arch. Math.(Brno)  42(2006), 11-23] under Caratheodory and Lipschitz 

conditions. An example is also proved to illustrate the hypothesis and abstract theory developed in this paper.  

 

KEYWORDS: The abstract measure differential equation, the abstract measure integral equation, approximation 

solutions. 

 

INTRODUCTION 
The significance of the differential equations with maxima lies in the real world problems of automatic regulation of 

the technical systems and such differential equations is a special class of functional differential equations in which the 

state of the unknown function related to the systems depends upon the maximum value of the past state in some past 

interval of time. The need to study the differential equations with maxima and since then several classes of ordinary 

and partial differential equations with maxima have been discussed in the literature for different qualitative aspects of 

the solutions. 

 

Sharma [22 ,23] initiated the study of nonlinear abstract measure differential equations and studied some basic results 

for such equations. The abstract measure differential equations involve the derivative of the unknown set function 

with respect to the  -finite,complete measure. Some of the abstract measure differential equations have been studied 

by Joshi[17], Shendge and Joshi[24], Dhage [6-9 ], Dhage and Bellale[11,12], Bellale and Birajdar[4-5] for different 

aspects of solutions. The Krasnoselskii[18] fixed point theorem is useful for proving approximate solutions for such 

perturbed differentiions equations under mixed geometrical and topological conditions on the nonlinearities involved 

in them. 

 

Here our approach is different from that of Sharma [22, 23], The results of this paper complement and generalize the 

results of the above mentioned papers on abstract measure differential equations under weaker conditions. Therefore, 

it is of interest to establish algorithms for the hybrid differential equations with maxima for approximation solutions 

with maxima for approximation solutions along similar lines. The novelty our problem as well as our method is new 

to the literature in the theory of nonlinear differential equations with maxima. 

  

PRELIMINARIES 

A mappings is called D -Lipschitz if there exists a continuous and nondecreasing function 
  RR:  such that  

 |||||||| yxyTxT                                                                                                       (2.1) 

For all Xyx , ,  where   00  . In particular if   rr   . 0 , T  is called a Lipschitz with a Lipschitz 

constant  .  
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Let X  be Banach space and Let XXT : . T  is called  compact if  XT  is a compact subset of X . T  is called 

totally bounded if for any bounded subset S  of X .  ST  is a totally bounded subsets of X . T  is called completely 

continuous if T  is continuous and totally bounded on X . Every compact operator is totally bounded, but the converse 

may not be true, however, two notions are equivalent on bounded subsets of X , The details of different types of 

nonlinear contraction, compact  and completely continuous operators appears in Granas and Dugundji [15]. 

 

To prove the main approximation solutions, we need the following nonlinear alternative proved in Dhage [6]. 

Theorem 2.1: Let U and U  denote respectively the open and closed bounded subset of a Banach algebra X  such 

that U0 . Let XXA :  and XUB :  be two operators such that  

 a  A  is nonlinear D -contraction, and  

 b   B  is completely continuous,  

Then either 

 i  the equation xxBxA   has a solutions in U , or  

 ii  there is a point Uu  such that satisfying uuB
u

A 










 for some ,1 o where U is a 

boundary of U in X .  

 

An interesting corollary to theorem 2.1 in the applicable form 

Corollary 2.1: Let  0rB and    0rB  denote respectively the open and cloed balls in a Banach algebra X  centered 

at origin 0 of radius r  for some real number 0r .  Let XXA : ,   XBB r 0: be two operators such that  

 a  A  is contraction, and  

 b  B  is completely continuous, 

Then either 

 i  The operator equation xxBxA  has a solution x in X  with rX |||| ,or  

 ii  There is an Xu  such that ru |||| satisfying uuB
u

A 










  for some 10  . 

 

In the following section we state our perturbed abstract measure differential equations to discussed qualitively in the 

subsequent part of this paper. 

 

STATEMENT OF THE PROBLEM 

 Let X  be a real Banach algebra with a convenient norm ||.|| .  Let Xyx , . Then the line segment yx  in X  is 

defined by  

  10,  rryrxzXzyx .                                                                                        (3.1) 

Let Xx 0 be a fixed point and Xz . Then for any zxx 0  , we define the sets xS and xS  in X  by  

  1|  rxrSx                                                                                                       (3.2) 

And  

  1|  rxrS x                                                                                                         (3.3) 

Let 1x , 2x yx  be arbitrary, we say 21 xx   if 21 xx SS  , or equivalently, 2010 xxxx  . In this case we also write 

12 xx  .vector measure (real signed measures) and define a norm |.| on  MXca ,  by   Xpp ||||||                                                                                                                     

(3.4) 

Where || p  a total variation is measure of p  and is given by 

http://www.ijesrt.com/


 
[Bellale* et al., 5(9): September, 2016]  ISSN: 2277-9655 

IC™ Value: 3.00                                                                                                         Impact Factor: 4.116 

http: // www.ijesrt.com                 © International Journal of Engineering Sciences & Research Technology 

 [438] 

 
    ,,||

1

XEEpSupXp

i

i  



                                                                                 (3.5) 

Where the supremum is taken over all possible partitions  NiEi :  of X . it is known that  MXCa ,  is a Banach 

space with respect to the norm ||.||  given by (3.4) 

 

Let  be a  -finite positive measure on X , and let ),( MXacp  . We say p  is absolutely continuous with respect 

to the measure   if 0)( E  implies 0)( Ep  for some ME . In this case we also write p . 

  

Let Xx 0  be fixed and let 0M  denote the  algebra on
0xS . Let Xz  be such that 0xz   and let zM  denote 

the  -algebra of all sets containing 0M and the sets of the form zxxSx 0,  . 

Given a ),( MXcap   with p , consider the abstract measure differential equation(AMDE) of the form 

  )max,())(,(
0


 

pxgSpxf
d

dp

xS
x


  a.e.     on  zx0 .                                                  (3.6) 

And 

   0,)()( MEEqEp                                                                                                    (3.7) 

Where q  is a given known vector measure, 
d

dp
  is a Radon-Nikodym derivative of p  with respect to 

RRSgf z :,,  and ))(,( xSpxf  and  )max,(
0




pxg
xS

 is  integrable  for each ),( zz MScap 

. 

Definition 3.1: Given an initial real measure q  on 0M , vector )(),( 0xzMScap zz   is said to be a solution of 

AMDE (3.6)-(3.7) if 

 i 0,)()( MEEqEp   

  pii  On ,0 zx  and 

  piii  Satisfies (3.6) a.e.    on zx0 . 

 Remark 3.1: The AMDE (3.6) - (3.7) is equivalent to the abstract measure integral equation                        (in short 

AMIE) 

          


dpxgdSpxfEp

E
S

E

x
x

)max,())(,()(
0 

 .                                                             (3.8) 

  If zxEME z 0,  . and 

       )()( EqEp   if 0ME .                                                                                                     (3.9) 

  A solution p  of the AMDE (3.6)-(3.7) on zx0  will be denoted by ),( 0 qSp x . 

 

APPROXIMATE SOLUTIONS 
We need the following definition in what follows. 

 Definition 4.1: A function RRS z :  is called Caratheodory if 

  ),( yxxi   is  -measurable for each Ry , and  

  ),( yxyii   is continuous almost everywhere    on zx 0 . 

 Further a Caratheodory function ),( yx  is called 
1L -Caratheodory if 

 iii   for each real number 0r  there exists a function ),(1 RSLh zr   such that 
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                     )(),(| xhyx r   a .e.   , x zx0  

  for all Ry  with ry || . 

          We consider the following set assumptions. 

 1H  For any 0xz  , the algebra zM  is compact with respect to the topology generated by the        pseudo-metric d 

defined on zM  by 

         )(),( 2121 EEEEd    

for all zMEE 21 , . 

     002 xH  . 

 3H  There exists a  -integrable function RS z:  such that 

                   ||)(|,(,| 2121 yyxyxfyxf    a.e.   zxx 0,   

  for all Ryy 21 , . 

   qH 4 is continuous on zM  with respect to the pseudo-metric d defined in  0A . 

 5H  The function  yxg ,  is 
1L -Caratheodory. 

 6H  There exists a function   RSL z ,1
  such that   0x  a.e.    on zx0  and a continuous 

nondecreasing function     ,0,0:  such that  

           |||,| yxyxg   a.e.    on zx 0  

  for all Ry . 

Theorem 4.1: Suppose that the assumptions    31 HH   and    64 HH   hold. Further suppose that there exists a 

real number 0r such that 1|||| 1 



L

 and  

                           
 

1

!

||||1

||||||||0









L

L
rqF

r



                                                                                (4.1) 

Where,   dxfF

zx

|0,|

0

0  .Then the AMDE    7.36.3   has a solution on zx0 . 

Proof: Consider the open ball  0rB  in  zz MSca ,  centered at origin 0  of radius r , where r  is a positive real 

number satisfying the inequality  1.4 . Define two operators    zzZz MScaMScaA ,: ,  ,  

   zzr MScaBB ,0:   by  

   
  















0

0

,0

,,

MEif

zxEMEifdSpxf
EAp

z

E

x 
                                                 (4.2)  

And  

   
 

 


















  

0

0,
0

,

max,

MEifEq

zxEifMEifpxg
EBp

z

E
S x


                                            (4.3) 

 

We shall show that the operators A  and B satisfy all the conditions of Corollary (2.1) on  0rB  

Step I: Firstly to show that A is a contraction on  zz MSca , . Let  zz MScapp ,2,1   be arbitrary. Then by 

assumption  2A  
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           dSpxfdSpxfEAPEAp

E

x

E

x   2121 ,,  

                                  dEpEpx

E

21    

                            Epp
L 211 


  

For all .zME Hence by definition of the norm in  zz MSca ,  one has 

2121 1 ppApAp
L




  

For all  zz MScapp ,2,1  . As a result A is a contraction on  zz MSca ,  with the contraction constant 1



L

. 

Step II: We show that B is continuos on  0rB . Let  np  be a sequence of vector measures in  0rB  converging to 

a vector measure p . Then by dominated convergence theorem, 

     dSpxfEBp

E

xn
n

n
n 

 ,limlim  

                        dSpxf

E

x ,  

                      EpB  

For all zME , zxE 0 .Similarly, if zME , then 

     EpBEqEpB n
n




lim  . 

And so B is a continuous operator on  0rB . 

Step III: Next we show that B is a totally bounded operator on  0rB . Let  np be a sequence in  0rB . Then we 

have rpn   for all Nn . We shall show that the set NnBpn : is a uniformly bounded and equicontinous 

set in  zz MSca , . In this step first we show that  nBp is uniformly bounded. 

Let zME . Then there exists two subsets 0MF  and zMG , zxG 0  such that  

GFE     and  GF  . 

Hence by definition of ,B  

      


dpxgFqEBp

G
S

n

x

 














0

max,  

              

G

r dxhq  . 

    

E

r dxhq   

   1
Lrhq   

From  5.3  it follows that 

 xnn SBPBp   

           






1i

in EBpSup

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          !
Lrhq   

 For all Nn , Hence the sequence  nBp  is uniformly bounded in   0BB  . 

Step IV: To show that  NnBpn :  is an equicontinuous  sequence in  zz MSca , . Let zMEE 21 , . Then there 

exist subsets 021 , MFF   and zMGG 21 , , zxG 01  , zxG 02   such way that 

111 GFE   with  11 GF  and 222 GFE  with  22 GF  

We know that,  

   ,12211 GGGGG                                                                                                              (4.4) 

And  

   21122 GGGGG  ,                                                                                                        (4.5) 

Hence , 

            


dpxgdpxgFqFqEBpEBp

GG
S

GG
S

nn
xx



























1221

00
2121 max,max,  

Since  yxg ,  is 
1
L - Caratheodory, We know that, 

                


dxhFqFqdpxgFqFqEBpEBp

GG

r

GG
xS

nn 
















2121

21
0

2121 max,

.Assume that, 

    .02121  EEEEd   

Then 21 EE  , as a 21 FF   and   021 GG . As q  is continuous on compact zM .it is uniformly 

continuous, 

          .0 212121

21

EEasdxhFqFqEBpEBp

GG

rn  


  

This show that  NnBpn :  is an equicontinuous set in  zz MSca , . By an application of Arzela-Ascoli theorem 

yields that B is a totally bounded operator on  0rB . Now B  is continuous and totally bounded operator on  0rB  

. It is completely continuous operator on  0rB  . Now an application of Corollary (2.1) holds that either the 

operator xxBxA   has a solution, or there is a  zz MScau ,  with ru   such that 

uuB
u

A 










 for some 

10  . After that we will show that latter assertion does not hold. We will  assume contrary, Then  

 

for some 10   . 

If zME  , then there exists sets 0MF   and zMG  , zxG 0  such that GFE   and  GF . Then 

we have  
 

 EuB
Eu

AEu 


 







  

 
 

 

  




































E

z
SE

x

zxEMEifduxgd

MEifEq

Su
xf

Eu
x

0
0

0

,,max,

,

,








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                   Fq + 
 

  .max,,
0







duxgd
Su

xf

G
S

G

x

x
 

























 

Hence, 

   
 

      





duxgdxfxf
Su

xfFqEu

G
S

G

x

x
 








































0
max,0,0,,  

                  


duxFdSuxq
xS

G

x

G













 0
0 max  

                 


duxFEuq
xS

G

L 









 0
0 max1  

             


duxFEuq

G

L








  max01      ``

 













 uFEuq

LL
max11 0



  

Which further implies that? 

      













 uFuqu

LL
max11 0



  

Or,  

      

1

1

1

max0







L

L
uFq

u












  

Putting uru max  in the equation, we get, 

 

 

1

1

1

0







L

L
rFq

r



                                                                                                     (4.6) 

Which is a contradiction to the inequality in (4.1). In consequence, the operator equation 

     EBpEApEp   has a solution  qSu x ,0  in  zz MSca ,  with ru  . This further implies that 

AMDE(3.6)-(3.7). Has a solution on zx0 . Hence the proof. 

4.1 Example: 

            We consider the following HDE, 

      zxonpxSpxSp
d

dp

xS
0

0

| maxtanhtan 
 














                                                             (4.7) 

 Here      xSpxSppf  |tan,  and    xSpg tanh,   

The functions '''' gandf are continuous on zx0  

Next, we have  

        2122
1

1
1

1

1
tantan0 xSxSxSpxSp 


 


 

For all 1xS , 2xS  on 210 , xSxSzx   . 
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Therefore 


 



1

1
1

2
, Hence the function f satisfies the hypothesis  3H . Moreover, the function 

   xSppf 1tan,   is bounded on zx0  hence hypothesis  4H  and  5H  hold. The function  pg ,  is 

increasing in p  for each zxon 0 , hence hypothesis  6H  is satisfied. Hence HDE (4.7) has a lower solution. 

Thus all the hypothsis of theorem are satisfied and hence the HDE has a solution 

             

         )max,())(,(
0


 

pxgSpxf
d

dp

xS
x


  a.e.     on zx0  

                    and 

                     0,)()( MEEqEp 
. 
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